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1. INTRODUCTION 
In a previous paper [1], we proposed a new method for the obtention of basis functions for the 
irreducible representations of the symmetry point groups as spherical harmonic linear combina- 
tions (SALC's). The method uses the topological and geometric properties of particles spatial 
sets. Such particles are equivalent with respect o the symmetry point group transformations. 
When compared with the conventional method [2,3], the topological geometric method has 
proved to be specially useful for the obtention of basis functions of the finite point groups of the 
higher symmetry, e.g., the icosahedral group [4]. 
We also think it would be interesting to study the behavior of the method in a lower symmetry 
group. In this paper, we therefore illustrate its applications to the obtention of the well known 
symmetry-adapted functions to the cubic group [5-8] and in a forthcoming paper, we apply it to 
the same problem in finite axial groups [9]. 
2. CUBIC SETS OF EQUIVALENT PARTICLES 
Proceeding in a similar way as in the icosahedral case, we have employed four sets, C1 - C4, of 
equivalent particles with symmetry Oh, they are described in Table 1. The nt particles of Ct can 
be obtained by applying the rotations of group O to an original particle located on a symmetry 
axis of order kt. The Cartesian coordinates for the particles of each C + are shown in Table 2. The 
original particles have been chosen in such a way that their Cartesian coordinates are integers. 
*Author to whom correspondence should be addressed. 
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Table 1. Sets of cubic equivalent 
particles. 
Ct kt nt polyhedron 
C1 4 6 octahedron 
C2 3 8 cube 
C3 2 12 cuboctahedron 
C4 1 24 truncated cube 
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Table 2. Cartesian coordinates of the particles of every 
C + set of the O point group. 
5 
6 
7 
8 
9 
10 
11 
12 
£ X 
1 1 
2 2 
3 -2  
4 -1  
1 
-1  
1 
-1  
1 
2 
-2  
-1  
c+ 
y z x y y z x y z 
2 1 0 1 1 1 0 0 1 
1 1 1 0 1 1 0 1 0 
1 1 1 1 -1  1 1 0 0 
2 1 1 -1  -1  1 
1 2 -1  0 
Z X 
1 1 
1 -1  
0 1 
0 -1  
1 
1 1 2 0 -1  
-1  2 
-1  2 
-2  1 
-1  1 
-1  1 
-2  1 
Table 3. Cartesian coordinates of the particles C5. 
e x y z e x y z e x y z 
1 2 1 3 9 3 -1  2 17 -2  -3  -1  
2 1 3 2 10 1 -2  3 18 3 -2  -1  
3 -1  2 3 11 -1  -3  2 19 -3  2 -1  
4 -3  1 2 12 -2  - I  3 20 2 3 - i  
5 3 2 1 13 -3  -1  -2  21 -2  i -3  
6 -2  3 1 14 -1  -2  -3  22 - I  3 -2  
7 2 -3  i 15 I -3  -2  23 1 2 -3  
8 -3  -2  I 16 2 - I  -3  24 3 1 -2  
Table 4. Characters and reduction of the representations 
of the O point group generated by the sets Ct. 
iX 2 
A~ 
zx~ 
/x5 
E 6Ca 3C~ 8C3 6C2 Reduction 
3 1 3 0 1 A I$  E 
3 1 -1  0 -1  T1 
4 0 0 1 2 AI@ T2 
4 0 0 1 -2  A20 T1 
6 0 2 0 2 A1G E • T2 
6 0 -2  0 0 T15 T2 
12 0 0 0 2 A I~ E @ TI@ 2T2 
12 0 0 0 -2  A2~ E • 2T1~ T2 
24 0 0 0 0 AI@ A2@ 2E ~ 3T1@ 3T2 
Table 5. Chosen sets Ct for the 
irreducible representations of 
the O point group. 
value of[ 
Represe~ion  even odd 
AI C1 C5 
A2 C5 C2 
E C1 C4 
T1 C4 C1 
T2 C2 63 
In  order  to  obta in  symmetry  adapted  funct ions  for the  i r reducib le  representat ions  A1 and  A~ 
for odd  and even values, respect ively,  of parameter  l, it is necessary  to use a cubic set  w i thout  
a center  of symmetry .  Th is  set,  Ca, can be obta ined  by app ly ing  ro ta t ions  of g roup  O to a 
part ic le  whose  Car tes ian  coord inates  have di f ferent values. We have chosen the  po int  (2,1,3), the  
Car tes ian  coord inates  of  the  part ic les  of C5 thus  obta ined  are shown in Table 3. 
The  characters  and reduct ion  of the  representat ions  of the  group  O generated  for these  sets  
are shown in Table 4. Since Ca has no center  of symmetry ,  accord ing  to [1, Sect ion  7], it is not  
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matr~ 
Mt 
M~ 
F 
A1 
E 
Wl 
T2 
M~- A2 
M~" T2 
Table 6. Eigenvalues and eigenvectors of the adjacency matrices. 
eigenvalue i 
4 1 
-2  1 
2 
eigenvector 
{1,1,1} 
{1,-2,1} 
{1,0,-1} 
{1,o,o} 
{0,1,0} 
{o,o,1} 
{1,1,-1,-1} 
{1,-1,1,-1} 
{1,--1,-1,1} 
{1,--1,1,-1} 
{1,-1,0,0,-- 1,1} 
{1,0,-1,1,0,-i} 
{0,1,-1,-1,-1,0} 
{ 1,- 1,1,- 1,0,0,0,0,- 1,1,- 1,1} 
{ 1,0,0,1,- 1,- 1,1,1,- 1,0,0,- 1} 
{0,1,- 1,0,-- 1,1,- 1,1,0,1,-- 1,0} 
{ 1,0,0,- 1,0,0,0,0,- 1,0,0,1} 
{0,1,-- 1,0,-- 1,1,1,-- 1,0,-- 1,1,0} 
0 
-1  
-3  1 
-2  
M + T1 -2  1 
2 
3 
M 2 E -2  1 
2 
M5 A1 3 
A2 1 
1 {1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1} 
1 {1,1,-1,-1,1,-1,-1,1,-1,-1,1,1,-1,-1,1,1,-1,1,1,-1,1,1,-1,-1} 
Table 7. General expression for cubic harmonics. 
F 1 m ~ i function (without normalization factor) a
( l -m 1)+6moY~yP(l,O,j, 1) A1 even even even 1 2P l, m, - -~ ,  
mvr odd odd 1 cos( )E P(l,m,j,a) 
E even even 1 [1 -2 ( - i )m]P  l,m,-----ff--,1 +&.o~P(l,O,j ,  1) 
even even 2 P l ,m,- - -~, l  -6mo~jP(l,O,j, 1) 
T1 odd 0 1 }-']~j P(l, O,j, 1) 
odd odd 2 ( - i )mp( l ,m,~, l )  
/ - m 
odd odd 3 P~l ,m,- - -~, l )  
(mr) 
T2 even odd 1 sin T y']j P(l, m, j, 3) 
even odd 2 cos(-~-~--)~-~jP(l,m,j, 3) 
even even odd 3 sin T ~~jP(l,m,j, 3) 
odd even odd 1 ~~j P(l,m,j,2) 
odd odd 2 imy~jP(l,m,j, 2 )+ iv~s in (V)P( l ,m,~-~,2  ) 
odd odd 3 y~j P(l,rn,j, 2) - v~cos P l, rn,---~,2 
(~) i= x/L-f 
possible to div ide it into two subsets like the remain ing  sets, i.e., representat ion  A5 cannot  be 
d iagonal ized into A + and  A~.  In  view of these reduct ions,  the chosen set for each i r reducible 
representat ion  of O, according to the par i ty  of l, is indicated in Table 5. 
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3. D IAGONALIZAT ION OF THE ADJACENCY MATRICES 
According to Table 5, we must diagonalize the matrices M +, M{-, M +, M2, M3, M +, M;  
and M5. This matrices have been obtained using rules (35) and (29) of [1]. On the other 
hand, since set C5 has the same topology as C4, they have the same adjacency matrix and the 
eigenvectors of M5 for representations A1 and A2 can be obtained from those of M + and M4, 
respectively. The eigenvalues and eigenvectors are shown in Table 6. 
M+= 0 
2 
M{- = .0 
0 
Mg = 
M4= 
Iix 1] .~+= 0 1  
lw 2 1 0 1 
1 1 0 
1 0 1 - 
M~- -- -1 1 0 
1 -1 1 
0 1 1 -1 1 0 
1 0 1 1 0 1 
1 1 0 0 -1 -1 
M3= -1 1 0 0 -1  1 
1 0 -1 -1 0 1 
0 1 -1 1 1 0 
"0 1 0 0 1 0 0 0 1 0 0 O- 
1 0 1 0 1 0 0 0 0 0 0 0 
0 1 0 1 0 1 0 0 0 0 0 0 
0 0 1 0 0 1 0 0 0 0 0 1 
1 1 0 0 0 0 0 1 0 0 0 0 
0 0 1 1 0 0 1 0 0 0 0 0 
0 0 0 0 0 1 0 0 1 1 0 0 
0 0 0 0 1 0 0 0 0 0 1 1 
1 0 0 0 0 0 1 0 0 1 0 0 
0 0 0 0 0 0 1 0 1 0 1 0 
0 0 0 0 0 0 0 1 0 1 0 1 
.0 0 0 1 0 0 0 1 0 0 1 O. 
-0 1 0 0 1 0 0 0 1 0 0 0 
1 0 1 0 1 0 0 0 0 0 0 0 
0 1 0 1 0 1 0 0 0 0 0 0 
0 0 1 0 0 1 0 0 0 0 0 1 
1 1 0 0 0 0 0 -1 0 0 0 0 
0 0 1 1 0 0 -1 0 0 0 0 0 
0 0 0 0 0 -1 0 0 1 1 0 0 
0 0 0 0 -1 0 0 0 0 0 1 1 
1 0 0 0 0 0 1 0 0 1 0 0 
0 0 0 0 0 0 0 1 0 1 0 1 
0 0 0 1 0 0 0 1 0 0 1 0 
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4. FORMULA FOR THE OBTENTION 
OF SYMMETRY ADAPTED FUNCTIONS 
Start ing from equation (22) of [1], in this section, we obtain a formula for the calculation of 
the B(F/),m coefficients (defined in the referred equation). 
The spherical harmonics are defined as [10]: 
/21 + 1 (17,-~ m_~)!p[~(cosS)eim¢, (1) 
where P[~(cosS) is the associated Legendre function [11]: 
P[~(x) = (1 - x2) rn/2 ( -1 )m dZ+m l[ 2 ~ dx l+m (x2 -  1/ .  (2) 
By using the binomial theorem for (x 2 - 1) l and deriving the resultant expression, we obtain: 
pin(x) _ (1 - x2) m/2 [q-m)/2] (2l - 2j)! xl_2j_m, 
21 E ( -1 ) J+m( l_  2 j _~.  ~- - j ) !  j ! (3) 
j=o 
where [ ( / -  m)/2] is the integer part of (l - m)/2. By substituting equations (3) and (1) in 
equation (22) of [1] and transforming the spherical coordinates into Cartesian ones, the resultant 
expression for the coefficients B(F/)~m is: 
[(l-m)~2] n 
B(F/)i,~ = E P ( l 'm ' j ' r )ES~i (F )z l~-2 j -m(x~- iY¢)m'  (4) 
j=0 e=l 
where 
1 (i/~((~ - m)! ( -1 )  j+m (2 / -  2j)! 
P( l ,m, j , r )=~ v , Tm)! r l-2j (1 -2 j -m) t ( l - j ) ! j ! '  (5) 
x~, y~, z~ are the Cartesian coordinates of the particle e, and r is the distance from the origin of 
coordinate axes to any particle. 
Equat ion (4) enables us to obtain simple general expressions of the coefficients B(F/)im for 
some irreducible representations of O, precisely those that  can be obtained from sets Ct where 
the particles Cartesian coordinates are zeros and ones. These expressions are shown in Table 7. 
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